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Various reformulations of the classical Sidon integrability condition for cosine series 
are considered. Two apparent generalizations are shown to be equivalent to Sidon’s con- 
dition. As an offshoot of these results it is shown that if the cosine Fourier coefficients 
satisfy n/da,,1 =0(l) (n + 02), then IiS,,(,fll =o(l) (n+ co) is equivalent to 
a,,Ign=o(l) (n-co). T ‘( 1985 Academic Press, Inc. 
1. INTRODUCTION 
It is well known that a, = O( 1) (n + co) is only a necessary condition for 
(Cl ;+ f a, cos nx 
/L 
n=I 
to be a Fourier series. Sufficient conditions for C to be the Fourier series of 
some f~ L’(o, n], denoted C= S( f ), usually involve certain regularity 
and/or speed conditions on the sequence (a,}$o. In this note we shall 
examine various equivalent formulations of the classical Sidon [l] suf- 
ficient condition. 
Sidon proved that C= S( f ) if {a,}: had the form 
(1.1) 
where Ic1,1 6 1, for all n; C,“=, (p,I < co. 
This result is interesting in light of the fact that in general, the sequence 
of tails of a convergent series can tend to zero arbitrarily slowly, a property 
shared by the class of all Fourier coefficients. An intrinsically simpler for- 
mulation of (1.1) is to assume that 
00 
an= c akPk3 (1.2) 
k=n 
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where /LX,,/ d 1, for all n; and P,, L 0 such that C,“= 1 pn < a. The equivalence 
of (1.1) and (1.2) can be shown by making suitable modification of 
arguments in section 2. 
Note that the class of all sequences atisfying (1.1) or (1.2) (denoted Y 
below) is a subclass of 9JV, the class of all null sequences of bounded 
variation (C,“=O Ida,/ < co). For the class AW, the pointwise limit 
lim S,(x) =,f(x) 
n-2 
always exists for x E (o, rr], where 
s,(x)+;+ f ak cos kx. 
k=l 
Sidon’s conditions also implies 
n lAa,l = o( 1) (n -+ co). (1.3) 
Examples of sequences of Fourier coefficients for which (1.3) does not hold 
can be constructed as follows. Let Au, = l/Zn for k = 3”, n = 0, 1, 2,...; and 
Aa, = 0 if k # 3”, for some n (a, = Cpzn Au,). The sequence {n IAa,,l }“, is 
unbounded and as is easily verified {an}: E 1’ n By, where l* is Hilbert 
space of sequences. It follows that C is the Fourier series of the pointwise 
limit. 
Telyakovskii [2] reformulated Sidon’s condition (1.1) in the following 
way: a null sequence {u,,}~=~ is said to belong to the class Y if there exists 
a sequence (A,}r such that 
A,,bO and f Asa, (1.4) 
?I=0 
and 
I&, d A,, for all n. (1.5) 
For the class 9, Telyakovskii also obtained the classical Young [3] 
necessary and sufficient condition for the L, convergence of C, i.e., 
(Y) 
IIX-fII=o(l) (n-, 00) if and only if 
a,lgn=o(l)(n+co). 
Young originally proved ( Y) for the class of convex sequences (A*a, 2 0), a 
proper subclass of 9’. 
Crucial in the aforementioned results of Sidon and Telyakovskii is the 
following sharp estimate [2]. 
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LEMMA (Sidon-Fomin). Let {c, > be real numbers uch that Ic,I < 1, for 
all n. Then the following estimate holds. 
where M is an absolute constant and 
D,(x) = 
sin(n f t) x 
2 sin(xj2) 
is the Dirichlet kernel. 
Telyakovskii gave an elementary proof of this by expressing the integral 
as the sum of two over the intervals [0, l/n] and [l/n, rr]. A well-known 
uniform estimate is applied to the first integral; for the second the 
Cauchy-Schwartz inequality is used to separate the singular part of the 
Dirichlet kernel followed by some straightforward calculations. The result 
can also be obtained using the Holder inequality followed by an inequality 
of Hausdorff and Young. This latter technique leads to more general 
results: see Stanojevic [4] and Bray [S]. 
2. CLASSES y, Y', Y2 
This part of the paper proves the equivalence of a couple of apparent 
generalizations of class Y. The first was introduced by Singh and Sharma 
[6] and Babu Ram [7] used the notion of quasi-monotone sequences 
introduced by Szasz [8]. Consequently, their class Y’ was defined in the 
same manner as Y with the monotonicity of the majorant sequence (A,}? 
replaced by quasi-monotonicity. The second apparent generalization of Y 
was defined by Garrett, Rees, and Stanojevic [9] as follows: a null 
sequence {a,}; belongs to the class Y2 if there exists a null sequence 
{A,,}? such that C,“=, nldA,j converges and Ida,1 <A,, for all n. It is 
easily shown that Y c Y’ E c4p2, the latter inclusion following from the 
inequality (dA,( <AA, + (2cc/n) A,, a consequence of quasi-monotonicity. 
The reverse inclusion was claimed in [9], but not proven. The following 
proposition supplies the proof. 
PROPOSITION. Y=9'=92. 
Proof: It will be shown that {an}; EY’ implies {A,}; ~9. This is 
done by letting A; = CpZn IdA,I, n = 0, 1, 2,.... Then AA \O and Ida,\ <A;, 
for all n. The converge of C,“=. AA follows the inequality: 
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k=n 
k=l 
On the surface the Sidon-Telyakovskii condition appears to be external 
in its relation to the sequence {a,,}?. However, an intrinsic reformulation 
of class Y can be found by examing the non-increasing sequence 
{SUP~~~I~I~,"=,~ a natural majorant for the sequence { Ida,1 >;=,. It is 
then easily seen that {a,,}? E Y if and only if C,“= 0 sup, 2 n [da,/ converges. 
3. THE CLASS OF FOURIER COEFFICIENTS 
SATISFYING IZ Ida,1 = O( 1) (n -+ co) 
The notion of using a “supremum” type majorant has another 
application in the study of L, convergence of Fourier series whose coef- 
ficients satisfy n Ida,1 = o( 1) ( n + co). The result proven below is actually a 
corollary to a theorem of Stanojevic [4], however, the elementary nature 
of the proof and preceding remarks regarding this class make the theorem 
interesting in its own right. 
THEOREM. Let n Ida,/ = o( 1) ( n-too). IfC=S(f) then (Y) holds. 
Proof Since C = S( f ), we know that Ila,-fII = o(l) (n -+ r;o), where 
0, is the nth (C, 1) mean of the sequence of partial sums. Thus, 
I/S,-fII=o(l) (n-+co) if and only if l(Sn-gnll =o(l) (n+co). To 
estimate the latter norm we apply summation by parts to obtain the iden- 
tity 
S,(x) - fl,(x) = & “z’ kAakDk(x) 
k-l 
-J- .f a,D,&+--$a,D,(x). 
n+l,=, 
Rearranging and applying the triangle inequalities one obtains: 
+ ,c, akDk- 1b)/1, (*) 
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The second term on the right-hand side of (*) is summed by parts and the 
Fejer kernel associated with the (C, 1) summation of Fourier series is 
introduced obtaining, 
Since ilF,li = 1, for all n, it follows that the second term on the right-hand 
side of (*) is o(1) (n-, co). 
Let 5, = sup, a n k Ida,/, which is clearly a non-increasing null sequence. 
Also note that (l/n) C; =, kdz, = o( 1) ( n -+ co). The first term on the right- 
hand side of (*) is estimated using the Sidon-Fomin lemma, i.e., 
where M is the constant involved in the lemma. 
Recalling the remarks concerning the numbers z,, we see that the above 
terms are O( 1) (n --f co). The proof is completed recalling that Ij D,II = 
(2/??)lgn+O(l) (n+co). 
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